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Abstract
It was shown using eigenvalue analysis by Erdös et al. that with the exception ofC4, there are no graphs of diameter 2, of maximum
degree d and of order d2, that is, one less than the Moore bound. These graphs belong to a class of regular graphs of diameter 2, and
having certain interesting structural properties, which will be proved in this paper.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
There are a number of famous and difﬁcult graph-theoretic problems that arose over the past four decades from the
design of interconnection networks (such as local area networks, parallel computers, switching system architecture in
VLSI technology, and many others). Perhaps one of the most prominent ones is the degree/diameter problem which is
to determine, for each d and k, the largest order nd,k of a graph of maximum degree d and diameter at most k. It is easy
to show that nd,kMd,k where Md,k is the Moore bound given by
nd,kMd,k = 1 + d + d(d − 1) + · · · + d(d − 1)k−1.
Since a graph of diameter 2 and maximum degree d may have at most d2 + 1 vertices, it was asked in [3]: Given
non-negative numbers d and  (defect), is there a graph of diameter 2 and maximum degree d with d2 +1− vertices?
It was proved in [4] that if = 0 then there are unique graphs corresponding to d = 2, 3, 7 and possibly d = 57. The
case = 1 was solved by Erdös et al. [3] and the general case when k2 and = 1 was settled by Bannai and Ito [1].
In this paper, we shall give in Section 3 a proof of a structural property of regular graphs of diameter 2 which somewhat
extends the result of [3].
2. Background
We will refer to a graph of maximum degree d, diameter k2 and order Md,k −  (1) as a (d, k,)-graph. Let
G be a (d, k,)-graph.
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Deﬁnition 1. Let u be a vertex in G. A vertex v in G is called a repeat of u with multiplicity mv(u) (1mv(u)) if
there are exactly mv(u) + 1 different paths of lengths at most k from u to v.
Note that in an undirected graph, if u is a repeat of v then also v is a repeat of u, with the same multiplicity. Therefore,
we have:
Observation 1. Vertex u is a repeat of v withmultiplicitymu(v) if and only if v is a repeat of u with the samemultiplicity.
A repeat with multiplicity 1 will be called a single repeat, a repeat with multiplicity 2 will be called a double repeat,
and a repeat with multiplicity  (the maximum possible) will be called a maximal repeat.
We denote by Rs(u) the set of all repeats of a vertex u in G. We denote by Rm(u) the multiset of all repeats of a
vertex u in G, containing each repeat v of u exactly mv(u) times.
If A is a multiset of vertices of G, we use Rm(A) to denote the multiset of all repeats of all vertices in A.
Proposition 1. If G is regular then for all u ∈ V (G),
|Rm(u)| =
∑
v∈Rs(u)
mv(u) = .
Deﬁnition 2. A subset S of V (G) is called a closed repeat set if Rs(S) = S. A closed repeat set is minimal if none of
its proper subsets is a closed repeat set.
Observation 2. The cardinality of any closed repeat set is at least 2 and at most |V (G)|.
Deﬁnition 3. A repeat subgraph HS of a closed repeat set S of G is a multigraph whose vertex set V (HS)= S and the
number of parallel edges between a vertex u and any of its repeats, say v ∈ Rm(u), equals the multiplicity mv(u).
We observe that:
Observation 3. If < 1 + (d − 1) + (d − 1)2 + · · · + (d − 1)k−1 then G is regular.
For the repeat graph of G it is also true that
Observation 4. If G is regular then the repeat graph HG of G is -regular.
Let u be a vertex and S be a multiset of vertices in G. We denote by N(u) (resp., N(S)) the set (resp., multiset) of
neighbours of u (resp., neighbours of all the vertices in S).
In [5], Miller et al. proved the following.
Theorem 1. (Neighbourhood theorem [5]). Let G be a regular (d, k,)-graph (1). Then N(Rm(u))=Rm(N(u))
for every u ∈ V (G).
In the next section, the neighbourhood theorem will be applied to prove a structural property of regular graphs of
diameter 2, degree d, defect  and containing a maximal repeat.
In particular, we shall prove that the number of maximal repeats in a (d, k,)-graph, d3, k = 2, d − 1 can
only be 0, 2 or 6.
3. The structure of (d, 2,)-graphs with maximal repeats
Let G be a regular (d, 2,)-graph (1). Then
Observation 5. {u, v} is a closed repeat set if and only if u and v are maximal repeats of each other.
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If v is the unique repeat of u with multiplicity  and vice versa, we call {u, v} a repeat pair.
Let {u, v} be a repeat pair and Nuv = N(u)⋂N(v) = {w1, ..., w+1}. Then we have
Observation 6. Nuv is a closed repeat set such that each vertex is a single repeat of every other vertex.
In view of the Neighbourhood Theorem, we can obtain the following fact concerning the distribution of the repeats
of the neighbours of the vertices in Nuv .
Proposition 2. Let x be any vertex in N(wj ) (1j+ 1). Then for each i = j , there is exactly one single repeat
of x which is in N(wi).
Proof. Suppose otherwise that there is more than one single repeat, or that there is a repeat with multiplicity at least 2,
of x in N(wk) (k = j ). Then in order for x to reach all vertices in N(wk) in at most two steps, by pigeonhole principle,
there would be a repeat of wk in N(x)\{wj }. This is impossible. 
Let G1 be the subgraph of G induced by the set which is the union of all repeat pairs in G.
Note that, from now on, instead of writing “a vertex x is adjacent to a vertex y” we shall write x ∼ y and if x is not
adjacent to y then we write x /∼ y. Unless explicitly stated where necessary, by ui and uj (i = j) we shall mean two
distinct vertices.
The following Corollary follows immediately from the Neighbourhood Theorem.
Corollary 1. Let {u1, v1} and {u2, v2} be two repeat pairs in G. Then u1 ∼ u2 if and only if v1 ∼ v2.
It is clear that:
Observation 7. |V (G1)| ≡ 0 (mod 2).
Observation 8. Let {u, v} be a repeat pair in G. Then
|N(u)
⋂
N(v)
⋂
V (G1)| =
{
2 if = 1,
0 if 2.
If = 1 then G1 is G and G = C4 is the only solution (see [1,3]). We characterize G1 for the remaining values of 
as follows:
Lemma 1. Let {u1, v1} and {u2, v2} it be two distinct repeat pairs in G (2). Then there exists a third repeat pair
{u3, v3} such that u3 ∼ u1 and either u3 ∼ u2 or u3 ∼ v2.
Proof. We distinguish two cases:
Case 1: u1 /∼ u2. Since the diameter of G is 2, there exists a vertex u3 which is a common neighbour of u1
and u2. It is true that u3 is unique since otherwise u2 would be a repeat of u1. By the neighbourhood theorem,
Rm(u3) ⊆ N(v1)⋂N(v2). If |Rs(u3)|> 1 then v1 ∈ Rs(v2) which is impossible. Therefore, u3 ∈ V (G1). In other
words, there exists a vertex v3 ∈ V (G1) such that {u3, v3} is a repeat pair. Moreover, by Corollary 1, v3 is the only
common neighbour of v1 and v2.
Case 2: u1 ∼ u2. Obviously, u1 /∼ v2. In this case we choose u3 to be the common neighbour of u1 and v2 and by a
similar argument to that of Case 1, the proof follows. 
As a consequence,
Corollary 2. For 2, |V (G1)| = 4.
Moreover,
Corollary 3. Let u andw be two vertices inV (G1) such that {u,w} is not a repeat pair inG (2).ThendG1(u,w)2.
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Fig. 1. The case of G1 being C6.
We can further show that:
Theorem 2. For 2, G1 is either empty or K¯2 or C6.
Proof. Suppose G1 is not empty. By Observation 7, let |V (G1)| = 2n1 (n11). If n1 = 1 then G1 is K¯2.
For n12, by Corollary 2, n13. If n1 = 3 then it is not difﬁcult to see that G1 is C6 as shown in Fig. 1.
By Corollary 3, for every repeat pair {u, v} in G, u can reach every other vertex of V (G1)\{v} within 2 steps through
only vertices of V (G1)\{v}. Moreover, all the vertices at distance at most 2 from any given vertex u in G1 must be
distinct, for otherwise u would have too many repeats.
Now let us consider the case when n14. Let {u, v} be a repeat pair in G such that the degree of u in G1 is
d1 = max{|N(w)⋂V (G1)| | w ∈ V (G1)} (2d1d). We shall show that G1 is regular of degree d1. Let Su =
N(u)
⋂
V (G1)= {u1, . . . , ud1}. Then by Corollary 1, v also has d1 neighbours in G1, namely Sv =N(v)
⋂
V (G1)=
{v1, . . . , vd1}, where {ui, vi} is a repeat pair (1 id1). Since the diameter is 2, u must be able to reach all vertices
in Sv in two steps through only vertices of Su. Suppose, without loss of generality, that u1 ∼ v2. Then by Corollary
1, u2 ∼ v1. This also means that none of the four vertices u1, u2, v1, v2 is adjacent to any other vertex in Su or Sv .
Otherwise, u would have some other repeat apart from v. Therefore, it follows that d1 is even and for u to reach every
vertex in Sv in at most two steps we can further suppose that ui ∼ vi+1 and ui+1 ∼ vi (1 id1 − 1).
Let us now consider some vertex uj ∈ Su. Obviously, uj cannot be adjacent to any vertex in Sj = Sv\{vj , vj+1}
since otherwise u would have some other repeat apart from v. So in order for uj to reach all vertices in Sj within two
steps there must exist (d1 − 2) distinct vertices {z1, ..., zd1−2} ⊆ V (G1)\(Su
⋃
Sv), each a common neighbour of uj
and a vertex in Sj . The vertices in {z1, ..., zd1−2} must be distinct since otherwise v would have some other repeat apart
from u. Therefore, the degree of uj in G1 is also d1. Repeating the argument for the other neighbours of u in Su, we
can deduce that G1 is regular of degree d1 and |V (G1)|d21 + 2. On the other hand, the  inequality is a consequence
of Corollary 3 and the Moore bound. Therefore, |V (G1)| = d21 + 2.
It is clear that for n14, G1 has diameter 3 and girth 5. However, it was proved in [1] and [2] that no such graph
exists. 
As an aside, note that Fig. 1 is used only to highlight the connections between the three repeat pairs forming a C6 in
G and so other vertices and edges of G are not drawn.
Next, for some particular values of  we shall improve upon Theorem 2.
Theorem 3. For 2,
• if = d − 2 then G1 is empty,
• if = d − 3 then G1 = K2,
• if = d − 4 or d − 5 then G1 = C6.
Proof. Let {u, v} be a repeat pair in G such that G1 is either K2 or C6. We consider two different cases:
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Fig. 2. (a) (3,2,2)-graph with G1 = K2, (b) (5,2,2)-graph with G1 = C6.
Case 1: Suppose that  = d − 2. Then G1 cannot be C6 since {u, v} is the only repeat pair in G. Let u1 be the
neighbour of u such that u1 /∈N(v) and let v1 be the neighbour of v such that v1 /∈N(u). Then by the Neighbourhood
Theorem at u, {u1, v1} must be another repeat pair in G, which is impossible.
By an analogous argument it follows that if G1 is C6 then  = d − 4.
Case 2: Suppose that = d − 3 and G1 is K2. Let u1, u2 be the two neighbours of u that are not in N(v). Similarly,
let v1, v2 be the two neighbours of v that are not in N(u). By the neighbourhood theorem at either u or v we deduce
that Rs(u1) ⊂ {v1, v2} and Rs(u2) ⊂ {v1, v2}. Since none of {u1, u2, v1, v2} can be in a repeat pair, we further deduce
that Rs(u1) = Rs(u2) = {v1, v2}.
On the other hand, u must reach v1 and v2 through u1 and u2. Suppose, without loss of generality, that u1 ∼ v1 and
u2 ∼ v2. Therefore, there must be a triangle through u1 and v1. The third vertex on that triangle is also a repeat of u1
and then it must be v2. However, this is clearly a contradiction.
Using a similar argument we can show that if G1 is C6 then  = d − 5. 
4. Concluding remarks
Fig. 2 shows two (d, 2, 2)-graphs (d = 3, 5) with maximal repeats that contain induced subgraphs characterized in
Section 3. These graphs were found by a computer search.
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